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SUMMARY 


A method is presented for determining the jet-boundary 
and 0 lan- form corrections necessary for application to 
test data for a partial-span model with a reflection 
olane, an end olate, or no end plate in a closed circular 
wind tunnel. Examples are worked out for a parti al-soan 
model with each of the three end conditions in the 
Langley 19-foot oressure tunnel and the corrections are 
applied to measured values of lift, drag, pitching- 
moment, rolling-moment, and yawing-moment coefficients. 

A comparison of the corrected aerodynamic characteristics 
for ail three end conditions indicates that good agreement 
is obtained with flaps neutral at values of lift coeffi- 
cient below the stall and that somewhat less satisfactory 
agreement is obtained in the region of maximum lift coef- 
ficient or with flaps deflected. Except for the correc- 
tions to the rolling-moment coefficient, the jet-boundary 
corrections were somewhat smaller for the reflection- 
olane condition than for either of the other end condi- 
tions because the induced upwash angle was the lowest; 
also, the plan-form corrections for this end condition 
were considerably smaller because the wing lift distri- 
bution was the least altered as compared with that for 
a comolete wing. From every consideration, the use of 
a reflection plane gave the best results for tests 01 a 
partial-span model. 


INTRODUCTION 

Because of the demand for greater load-carrying 
capacity, the size of bomber and transport airplanes is 
being steadily increased. In order to test models of 
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these airplanes in existing wind tunnels at Reynolds 
numbers as large as possible, greeter use is being made 
of seraispan or partial-span models. The use of such 
models effectively increases the Reynolds number at 
which tests can be made to two or more times the test 
Reynolds number for complete-span models. Such models 
are used to best advantage to determine the aerodynamic 
characteristics of wings, flaps, lateral-control devices 
and ducts. 

In many orevious tests of partial-span models, wind 
tunnel corrections to the test data have been neglected 
entirely. In seme Instances, however, these corrections 
may amount to as much as 20 percent of the uncorrected 
value and therefore every effort should be made to 
determine and aoply the corrections. Davison and 
^oserihead (reference 1) developed a method for determini 
the jet-boundary corrections to the angle of attack and 
drag of semisoan models with a reflection plane in an 
open- jet circular wind, tunnel. Kondo (reference 2) by 
a different method also determined these corrections 
for open and closed circular wind tunnels. Swanson and 
Toll (reference p) determined these and several other 
corrections for models in a closed rectangular wind 
tunnel. 


The purpose of the present report is to give a 
method, for determining the jet-boundary and plan-form 
corrections to be applied to wind-tunnel data for 
partial-span models with a reflection plane, an end. 
plate, or no end plate in a closed circular wind tunnel. 
For the jet-boundary corrections the methods of refer- 
ence 3 are fairly closely followed in many respects 
after the basic methods of determining the jet-boundary- 
induced upwash angle have been established. In order 
to determine the jet-boundary-induced upwash angle for 
the reflection-plane condition, the method of refer- 
ence 1 is revised to apply to a closed circular wind 
tunnel and extended so that corrections to rolling and 
yawing moments may be obtained. The jet-boundary- 
induced upwash angle for the conditions v-ith an end 
date and no end plate is determined by the usual 
methods for closed circular wind tunnels. The plan- 
form corrections described herein are those which must 
be applied to oartial-span-wing data in order that the 
completely corrected data be applicable to complete- 
span wings. 
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The corrections derived herein have been applied to 
the data from tests in the Langley 19-foot pressure 
tunnel of a partial-span model with each of the three 
types of end condition: reflection plane, end plate, 

and no end plate. Included for purposes of comparison 
are rolling-moment data from tests of a complete-span 
model of the same airplane. A comparison of other aero- 
dynamic characteristics with those of the complete-span 
model is not given because the model configurations were 
not comparable. 


COEFFICIENTS AND SYMBOLS 


The coefficients and symbols used herein are defined 
as follows: 

_ . r /Measured li f t\ 

C T uncorrected lift coefficient ( i 

h, V dS / 


'D. 


u 


qS 

. 4 „+. /'Measured drag\ 

uncorrected drag coefficient 1 ■ ) 

v qS 


m u 


uncorrected pitching-moment coefficient 
( Measured p3 telling moment \ 


qSc 


'u 


/n U 


'D 


rolling-moment coefficient corrected for asymmetry 
only 

/Measured rolling moment - (Measured rolling moment) ^ _ gO\ 

__ 

yawing-moment coefficient corrected for asymmetry 
only 


M 


Measured yawing moment - (Measured yawing moment)^ =o° 


q( 2 s)b 


■) 


lift coefficient; no corrections spoiled ( Or ] 

V "u/ 

drag coefficient completely corrected fc r . + AC r ^ 

\ -'a U J 


k 
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pitching-moment coefficient corrected for plan 
forin ( c m u + AC m p ) 


corrected rolling-moment coefficient for semispan 
model with reflection plane 

Cj rolling-moment coefficient completely corrected 

C n yawing-moment coefficient comoletely corrected 
(Cn u + ^n) 

where 

q dynamic ores sure 

p mas3 density of air 

V airspeed 


S model wing area 

c’ mean aerodynamic chord of complete wing 

b twice model span 

AC p complete drag-coefficient correction ^ACq, + AG-q ^ 
ACp. jet-boundary correction to drag coefficient 



plan-form correction to drag coefficient 



plan-form correction to pitching-moment coefficient 


'n 


complete correction to yawing -moment coefficient 




plan-form correction to yawing-moment coeffi- 
cient due to end condition 

plan-form correction to yawing-moment coeffi- 
cient due to aspect ratio, taper ratio, and 
ratio of aileron span to wing span 
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and 

w 

v 

r 

r 

c 

c 

X 

7 

y ? 

z 

Aa* 

j 

Aa s 

aa P 


yawing-moment-coeff i ci ent correction due to 
reflection plane 

yawing-moment-coeff i cient correction due to 
boundary-induced aileron upwash and wing 
loading 

yawing-moment- coeff i ci ent correction due to 
boundary-induced wing upwash and aileron 
loading 


induced vertical velocity; positive upward 

induced lateral velocitjr; positive toward 
wing tip 

ci rcula ti on 

radius of circular jet 

section lift coefficient 

section chord 

mean geometric chord 

longitudinal coordinate or complex coordinate 
used in transformation 

lateral coordinate 

lateral coordinate, fraction of model span 


vertical coordinate 

jet-boundary correction to induced angle of 
attack 

streamline-curvature correction to angle of 
attack 

plan-form correction to angle of attack 
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Aa 


a. 


a. 


■u 


a i 


m. 


m, 


l u 


m 


u 


a 


complete correction to angle of attack 
( 4a j + 4 a s.c. + aa ?) 

angle of attack for infinite aspect ratio 
uncorrected angle of attack 
corrected angle of attack ( a u + Aa) 
induced angle of attack 

section lift-curve slope per radian (57*3 a o) 

uncorrected lift-curve slope per radian 
( 57 • 3 a u) 


corrected 
section 1 


lift-curve slope per radian (57-3 a ) 

, 'dc 

ift-curve slope per degree 


L 2±) 

[ a „/ 


uncorrected 


corrected li 


lift-curve slope per degree 
ft-curve slope per degree 



A aspect ratio 

X taper ratio; ratio of tip chord to root chord 

E edge-velocity correction factor ( — Tit E- r 1 m - - — ~) 

\ Span / 

u induced-drag correction factor (reference k) 

x Q distance from reference ooint to aerodynamic 
center 

H factor used to determine x c _ (reference !■ ) 

A angle of sweepback of quarter-chord line 

AC 7 jet-boundary correction to rolling-moment coeffi- 

‘'j cient 

AC 7 clan-form correction to rolling-moment coefficient 

P 
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complete correction to rolling-moment coefficient 


o 7 


one-half rolling-moment-coeff icient correction 
due to reflection plane 

rate of change of rolling-moment coefficient 

6C j 


with aileron deflection 


06. 


k 


K 

§ 

t 


aileron de flection 

rate of change of section angle of attack with 

6 a, 

aileron deflection 


66 


a/ 
y c 


l 


factor used to determine induced yawing-moment 
coefficient (reference 5 ) 

complex coordinate in transformed plane 

lateral coordinate in transformed plane 

vertical coordinate in transformed plane 


Y = tan ^ ^ 

' d 

h semiheight of reflection plane or end plate 

d distance of reflection plane or end plate from 

center line of tunnel 

e distance of wing tip from center line 

s spanwise location of trailing vortex 

a spanwise location of trailing vortex in 

transformed plane 

0 velocity potential function 

\J / stream function 

f factor used tc determine lift-curve slope 

(reference li ) 
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R Reynolds number (pVc’/i*) 

u coefficient of viscosity 

M Mach number (V/V c ) 

V c speed of sound in air 

Subscripts ; 
i induced 

j jet boundary 

o plan form 

M model 

2 M wing of twice model span 

W complete wing 

e end plate 

s.c. streamline curvature 

u uncorrected 

All pitching-moment coefficients, measured or cor- 
rected, are about the quarter-chord point of the mean 
aerodynamic chord of the complete wing. Corrected 
rolling-moment and yawing-moment coefficients are about 
the projection of this point in the plane of symmetry of 
the complete wing, although these moments were measured 
about the projection of this point in the plane at the 
root end of the model parallel to the plane of symmetry. 


DERIVATION OF CORRECTIONS 


The corrections to be applied to data from tests of 
partial-span models are of two types; jet boundary and 
plan form. The jet-boundary corrections are due to the 
influence of the tunnel wall on the induced velocities, 
which in turn affect the aerodynamic characteristics of 
the model. The main factors contributing to the jet- 
boundary corrections are the shape of the tunnel wall 
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and the size of the model relative to the tunnel. The 
geometric characteristics of the model also contribute 
to the corrections. The plan-form corrections may be 
divided into two parts. The first part is due to dif- 
ferences in the span loading of a complete wing and 
that of the model with a reflection plane, end plate, or 
no end plate. The second oart is due to differences in 
aspect ratio, taper ratio, and the ratio of aileron span 

to wing span if the model span is less than the semi span 

of the complete wing. 

For the sake of simplicity, not only in deriving 
the corrections but also in applying them to data, the 
lift due to flaos is not separated herein from the lift 
of the plain wing as in reference 3 which derives 
separate corrections for each part of the lift. Instead, 
the total lift is considered and the alteration of the 
span load.ing due to flaps is neglected. This neglect 

introduces a slight error in the results but is believed 

to be warranted by the resulting simplification. Several 
other corrections are also neglected when the magnitude 
of the corrections is within the limits of accuracy of 
the measurements. 

The derivation of nearly all of the corrections 
begins with the soanwise lift distribution of the wing. 

In order to simplify the computations, the lift distribu- 
tion for a lift coefficient of 1.0 is used. The lift 
distributions used herein were determined by lifting- 
line theory. For straight tapered wings, the tables of 
additional lift L a in reference Jj. are probably the 
most readily available source of information for the 
present puroose. 

The distribution of the jet-bound ary- induced up wash 
angle along the soan must then be determined. This 
angle, in radians, is the ratio of the induced vertical 
velocity to the stream velocity. c or a particular type 
of tunnel, tables may be devised that give the boundary- 
induced vertical velocity at an:/ point in the tunnel due 
to a vortex of unit circulation placed at any point in 
the tunnel. The model generally is located close to the 
horizontal center line of the tunnel; consequently, the 
induced-vertical- velocity distribution along this center 
line only needs to be computed. The lift distribution 
is broken into several steos and each increment is 
multiplied by the proper value of induced vertical 
velocity per unit circulation to obtain an increment 
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of induced vertical velocity. The summation at each 
spanwise point of these increments due to all the 
image vortices is the induced vertical velocity at 
that point. 

The induced upwash angle per unit lift coefficient 
at each point in a circular tunnel is expressed as 


where wr/F is the induced vertical velocity per unit 
circulation for a tunnel of unit radius. 

Angle of attack .- The jet-boundary correction to 
the induced angle of attack is defined in reference 1 as 


but the lift L of a partial-span model may be expressed 
as 



(1) 





and 


dL = qc ?/ c^dy' 


After substitution and rearrangement 
of attack is, in radians. 


the induced angle 
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Actj - 0 L 


r w c i c 
Jq VC L C L® 


dy’ 


ox - *, in oegrees, 


Aa. = 57-5 C t 

J j-i 


W 


°i c 


VC T C T c 
0 L L 


= dy’ 


The correction for streamline curvature must be added 
to the jet-boundary correction to the induced angle of 
attack. The streamline-curvature correction, as used 
herein, is anplied entirely to the angle of attack instead 
of partly to the angle of attack and partly to the lift 
coefficient as in reference 3. This procedure simplifies 
the computations of the data, and any differences in the 
results obtained by the two methods are veil within the 
experimental accuracy. The magnitude of the curvature 
is obtained from reference 6 in which derivations are 
made for a circular tunnel and for a l.l-.l: 1 elliptical 
tunnel. The derivation for the circular tunnel produces 
a nondime ns i onal constant, proportional to the cui’vature, 
which in terms of this report is 



-I- d-2- 
VC L 2r 


2.1 


A similar constant for the elliptical tunnel is derived 
on the basis of the tunnel width but, when converted to 
the basis of the tunnel height, becomes identical with 
that for the circular tunnel. This fact indicates that 
this constant is a function of the tunnel height and is 
relatively independent of the tunnel vidth. Since only 
the width of a circular tunnel is affected by the intro- 
duction of a reflection plane, for the purpose of this 
report it is assumed that the constant derived in refer- 
ence 6 applies whether or not the reflection plane is 
used. 
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The curvature of the streairllnes is practically 
constant along the wing chord. The s t re ami ine- curvature 
correction for the wing may be determined from the dif- 
ference between the induced up wash angle at the quarter- 
chord point where the lifting line is assumed to be 
located and the induced upwash angle at the three-quarter- 
chord point where the tangent to the streamline is the 
zero-lift line. This difference in the angles is 


A 



s 


. c. 






0.75c - 0.25c 
2 r 


= 1.05 


c w 

V C L 


This angle must be added to the induced angle at the 
lifting line so that the complete correction to the 
angle of attack due to the jet boundary is 


Aa j + ia s.c. 


= 57 -M 0 + 


or approximately 


Aa j + Aa s.c. = 57 . 3 C l 1 + 1.05 


2r , 


0 


c c 

5?- rk or- (2) 

iC L C L c 


This approximation and the assumptions made for the use 
of the constant of reference 6 are sufficiently accurate 
for the present purpose, since the streamline-curvature 
correction is only a small fraction of the complete cor- 
rection to the angle of attack. 
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Although the greatest accuracy would theoretically 
be obtained if the lift distribution of the model in the 
tunnel we re used, the free-air lift distrioution gives 
a result that is well within the accuracy of either 
experiment or the lifting-line theory. If the tunnel 
lift distribution is desired, an approximate result^ 
may be obtained from the free- air distribution by the 
equation 


’c C jC m , - C \ 

— = _L_ — + mfl + 1.05—) - 

'c C T c V 2r J V 


_ hi 

L C L c 


( 3 ) 


where the primed values refer to the tunnel distrioution 
and the unorimed values refer to the free-air distribution. 
This equation weights the induced upwash angle according 
to the lift distribution and would be exact if the 


quantity yy — were constant along tne span. 

For the conditions usually encountered in a wind tunnel, 
a very close aoproximation is obtained by using this 
equation. This equation may be used for a partial-span 
model with or without an end plate, for which cases 
other methods, such as the influence lines of reference 7 
as used in reference 3, are not applicable. 


The plan-form correction to the angle of attach is 
the correction to the slooe of the lift curve necessary 
because of differences in aspect ratio between the model 
and the complete wing; that is, 


Aa D 




(U> 


where the model or wing lift- curve slope is 


a = 


fo 

E 


1 + 



( 5 ) 


rrA 
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and. corresponding values of E and A are used. This 
equation was developed for an elliptic wing in refer- 
ence 7 hut is used herein for other plan forms because 
it has been shown to give good results even for the model 
with no end plate. For the model with an end plate, 
neither E nor A is known and the lift-curve slope is 
obtained by use of the lifting-line theory, as is shown 
later. 

The complete correction to the angle of attack is 


Aa = Aa, + acl + A<x_ 

J S • O • - 


( 6 ) 


Drag coefficient .- The jet-boundary correction to 
the drag coefficient involves the same integral as that 
for the angle of attack before the streamline-curvature 
correction is added; that is, 


AC-n. = C, 


w 


c 7 c 


>0 VC L °L C 


dy' 


(7) 


The plan- form correction to the drag coefficient is 
that due to the difference in the induced drag of the 
complete wing and the model; it may be exoressed as 


AC D„ " C D it . “ °Di 


P 


( 8 ) 


■w 


M 


For the reflection-plane condition 


AC D = (— - — — C L 2 (9) 

P \jrA w u^ Tr A2M u 2M/ 

where u is obtained from reference 1±. For the other 
end conditions Cp,. may be obtained from lifting-line 

theory. 1 M 
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The complete correction to the drag coefficient is 



( 10 ) 


Pitching-moment coefficient .- The correction to the 

pitching-moment coefficient is entirely due to plan form 
since the effects of streamline curvature may be neglected 
when the wing alone (no tail) is involved. The plan-form 
correction is a function of the sweep of the wing and 
would be zero for zero sweep. The correction is the 
ratio of the difference between the chordwise locations 
of the aerodynamic center of the model and that of the 
complete wing to the chord uoon which the pitching- 
moment coefficient is based; that is. 


Both x Q . and x Q . must be measured from the same 

d • G » d • C • y f 

point and are considered positive in the direction of 
the air stream. These distances may be obtained bj the 
following equations: 


The value of the constant is the distance between a 
chosen reference point and the quarter-chord point of 
the root chord. For a model and reflection plane, the 
value of H may be obtained from reference 4 . For the 
other end conditions, the integration (equation ( 13 )) 
must be performed to obtain H. 


x. „ = 2 Ht tan A + Constant 

d , G • cL 


( 12 ) 
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Aileron distributions .- In order to determine the 
corrections to be applied to the rolling-moment and 
yawing-moment coefficients, two additional distribu- 
tions are necessary: the lift distribution due to 

aileron deflection and the induced-upwash- angle distri- 
bution due to this lift distribution. The aileron lift 
distribution for a complete wing may be determined from 
lifting-line theory or by use of the influence lines of 
reference 7* This distribution must be altered to account 
for the effects of the reflection plane or other end con- 
dition. A reflection plane "reflects” the distribution 
over the model so that the model distribution is the 
same as would be obtained for a complete wing with both 
ailerons deflected in the same direction. The distribu- 
tion for a model with a reflection plane therefore is 
obtained by adding the increment due to the "image" wing 
to the distribution of the "real" wing (reference 3 )* 

For a wing with or without an end plate, such a reflec- 
tion is not present and the aileron lift distribution 
must be obtained directly from lifting-line theory. 

After the shape of the aileron lift distribution is 
determined, for convenience the ordinates are multi- 
plied by a constant that makes the moment of the area 
equal to I 4 . if the abscissas are in fractions of the 
model span. This operation converts the ordinates to 

c 7 c 

the load coefficient — - — and the rolling-moment coef- 
ficient to unity. 

The induced-upwash- angle distribution due to the 
aileron lift distribution is obtained in the same manner 
as for the wing. The aileron lift distribution is broken 
into several steps, each increment is multiplied by the 
value of induced velocity per unit increment, and the 
summation is made of all the increments at each point; 
thus , 



where wr/r is the induced vertical velocity per unit 
circulation for a tunnel of unit radius. 
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R olling-moment coefficient .- The jet-boundary correc- 
tion to the rolling-moment coefficient is the moment of 
the increment in the aileron lift distribution due to the 
induced velocity; that is, 



( 15 ) 


The increment in aileron lift distribution is similar to 
the increment in wing lift distribution given as the last 
term in equation ( 3 ). For this reason, equation (15) is 
approximate in the same sense as equation ( 3 )* A more 
accurate method of determining this correction to the 
rolling-moment coefficient could be used for the 
reflection-plane condition (see reference 3) hut such a 
method would not be readily applicable for the end-plate 
and. no-end-plate conditions. In reference 3 an 
aerodynamic- induction factor J is introduced that is 
approximately equal to 2 for a semispan or partial-span 
model. In equation ( 15 ) the three-dimensional lift- 
curve slooe m is therefore aooroximately equal to 
ra 0 A c l c 

and the wing load coefficient — 3 approximately 

A + J C pc 

accounts for the difference in the loadings of the actual 
wing and an elliptic wing. Although these conditions 
would not exist for a complete-span model, equation (15) 
may be used wi th sufficient accuracy for a semispan or 
partial-span model. As in the case of the wing, the 
tunnel distribution should theoretically be used to 
obtain this correction but, practically, the free-air 
distribution may be used. 


The plan-form correction to the rolling-moment coef- 
ficient Is, for convenience, divided into two parts; the 
first part corrects for the effect of the end condi- 
tion on the aileron lift distribution and the second 
corrects for the difference in aspect ratio and taper 
ratio of the partial-span model and of the complete wing. 

C jg 

The first part — is the ratio of the rolling-moment 


'M 


>T/\n i 
ri A. o .-i 
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coefficient per unit aileron deflection for a full-span 
model of twice the model span to that for the actual 
model. For the reflection-plane condition this correc- 
tion is equal to the reciprocal of the correction 


1 + 


2AC 7 

u r 



of reference 3 . 


For the end-plate or no-end- 


plate condition, this correction may he obtained from 
lifting-line theory. The second part of the plan-form 
correction is required only if the model is not a true 
semispan model and may be obtained from figure l6 of 
reference 8. For the particular aspect ratio and taper 
ratio of either a wing of twice model span or the com- 
olete wing, a value of is obtained by taking 

the difference between the values of f or> the 

outboard and inboard ends of the aileron. The desired 

correction is the ratio cf the value of C? /k for the 

u 5/ 


complete wing to that for the wing of twice model span. 


The completely corrected value of the rolling- 
moment coefficient is 



Yawing-moment coefficient . - The jet-boundary cor- 
rections to the yawing-moment coefficient are derived as 
in reference 3 and are due to the interaction of the 
wing and aileron lift and induced-upwash- angle distribu- 
tions. The equations for the corrections are 




2 


CtC 7 . 


•'U 


T" 

L 



w 

vc z 


c l c 


CtC 


= y' 


.u 


dy 1 


(17) 
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and 



C ^ u 

Ll 



c l c 


Cre 


= 7’ 


dy» 


( 18) 


The plan-form correction to the yawing-moment coef- 
ficient is divided into two parts in the same manner as 
that for the rolling-moment coefficient. The first part, 
due to the end condition, may be expressed as 



C 


n 


M 


where 


= -V 


2M C L% m + % C L% 


" C L C l 


2M 


_K 2M + K M 


^ 6 M \ 


' 6 2M, 


(19) 


K 


c l c 


2K Hi ic T c 'j 7 

O \ l 2M fc 2M 


+ _ c l c 


7 c Ct 
l 2K L 2 IvL 


y ’ dy* (20) 


= 

M 



cu 


a. \ 
1 \ 


1 

^8 I VCr C C 7 Ci C Ct 

by H' tj/ bj^ 


y’ dy» 


( 21 ) 


and the distributions of the lift and induced angle 
(in radians) per unit coefficient are identified by Cp 
for the wing and G l for the aileron in the denomina- 
tors. For the reflection-plane condition, the correction 
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AC n ^ Is equal to the correction 


Wi 



For the end-olate or no-end-plate conditions, the integra- 
tions for and must be performed, the value 

of T '2M being independent of the end condition. 

r or the second part of the plan-form correction, 
due to differences in aspect ratio and taper ratio between 
the complete wing and a wing of twice model span, values 
of K may be obtained from figure 13 of reference 5* 
Interpolation is simplified by plotting K for the 
inboard end of the aileron against 1/A since such a 
plot is practically a straight line. If the outboard 
end of the aileron is some distance from the wing tip, 
the value of K must be modified as indicated in refer- 
ence 5- The equation for this part of the correction is 


The value of ^ from equation (20) may differ slightly 

from that obtained from reference 5 because of slight 
differences in the methods of computation. If this value 
does differ, the value from equation (20) should be used 
in equation (19) and the value from reference 5 in equa- 
tion (22) . 
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The coirplete correction to 
ficient is 


the yawing -moment 


coef- 


AC 


n 



+ 




(23) 


CORRECTIONS FOE MODEL WITH REFLECTION PLANE 
Determination of Induced Upwash Angle 


a reflection plane used with a partial-span model 
in a circular wind tunnel reflects both the model and 
the tunnel; therefore the effect is that of a wing of 
twice the model soan in a bipolar tunnel (fig. D • 

This reflection satisfies the condition that the stream 
function must be constant over that part of the bouno.ary of 
a closed tunnel formed by the reflection plane. In 
order to satisfy this condition over the circular-arc 
part of the bioclar tunnel , vortices that are 
images of the vortices inside the tunnel must be intro- 
duced outside the tunnel. The locations of these image 
vortices and their effects within the tunnel are well 
known for a circular tunnel. This knowledge may be used 
to determine their effects within a bipolar tunnel by 
transforming the interior of the bipolar tunnel into the 
interior of a circular tunnel by means of the conformal 
transformation of reference 1. 

The transformation may be expressed as 


tan~^§ = n 



x 

sin t 


where, in the yz olane (bipolar tunnel), 


x = y + iz 
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in the p £ plane (circular tunnel), 


§ = P + it 


and 


2( tt - *y) 


Also , 


h = r sin *f 
d - r cos y 


It should he noted that the axes of reference 1 have 
been revised to agree with the standard wind axes u 3 ed 
in figure 1. A point p on the p-axis that corre- 
sponds to a point y on the y-axis may be obtained 
by the relation 



n tan - ^ £ 

r sin 'y 


Furthermore, if' there are vortices of strength ±T at 
the points y = ±s on the y-axis, there are vortices 
of equal strength at the points rj = ±0 on the p-axis 
where 


t 


an~-*-a 


n tan’ 1 5 

r sin -y 


The complex potential due to the vortices ±F at 
p = ±cr is 


$1 + ^1 



& - o 
l + o 
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The compler potential due to the image vortices in the 
p £ p lane is 


h * ^2 


The condition that is constant at the boundary of 

the jet can be easily seen since | ?> | - 1 at the 
boundary and ^ 2. becomes equal to zero. Toe 

complex potential due to the original vortices in the 
yz plane at y = is is 


IT 

2rr 


log 


I 

o a 


a 


^3 + 


IT 
*2 it 


log 


x - s 

x + s 


The complex potential due to the jet boundary is the 
difference between that in the p £ plane and that in 
the yz plane; that is. 


0 + It}/ — 0 -^ + 02 




The induced vertical velocity at the v-axis due to the 
jet boundary is one-half that due to vortices extenoing 
to infinity in both directions;, that is 


w 


1 d\j/ 

2 dy 


The induced velocity due to is 


w l = 


1^1 

2 dy 


1 dn 

2 dp d y 



1 ^ hp 

p + a) dy 
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2k 


woe re 


d 

dy 


n(l + r)2) 


/ 

r sin y /l + 
\ 

\ 


jL 


x 2 sxn^Y 


By collecting terms, 


vu = 


n( 1 + r]2 ) 


1 2-rrr ^2 _ a 2 


sin Wl + 


j 2 


r2 sin2 


© 

V 


The induced velocity due to ^ is, similarly, 


_ 

w 0 — — 1 

2 2 dr) dy 


n(l + ' r)2 ) 


2rrr r)2(j2 - 1 / y< 

sin r 1 + — 


o P 
y r^- sin ^ 


and the induced velocity due to is 


w 3 


.1 d ("^ 3 ) 

2 dy 


£ 

r 


2rrr , .2 

© 
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The net induced velocity is 


W -Tin + Wj + w 7 

125 


It may be noticed that the value of 


w 


according to 


and 


w-z becomes indeter- 

7 


the final equations for wu 

minate of the form. « - <» at the point y = s or r \ - o. 
This is the only point at which singularities occur 
inside the tunnel. At this point, however, w may be 
determined in the following manner: Before the terms 

are combined. 


+ Wj 


r l> 1 

1 \ dn 

- (- 

_i 


1 y 

krrfV^ . a 

rj + a/ 

Vy 

— 

s 

y + 3/ 

r ( 1 

1 dr A 

r_ { 

t 

1 

1 

b.TT \y 4 - s 

r) + a dy/ 

iqtT ^ 

v 7 

- s 

T] - C 


dy/ 


Only the second term of this equation is indeterminate 
and may be written as 


f( rj - CT ) - ( y - s ) —•! 
L.ttL ' ,y 


( y - s) (r) - a ) 


and evaluated at the limit by taking the second deriva- 
tive of both the numerator and the denominator; that is. 


_ r 

lim Etc 
y->s 


b - - <y - 3 >57] 

( y - s ) ( r) - a ) 


t> nor sin y - s 
l|.tr r2 s i n2 <y + s ^ 
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At the point y = s, therefore. 


w - < - 


2trr 




V „k 


-\ 


n( 1 + a 2 ) 


- lj / 

' sin 'y ;l + 


v. 


r 2 sin^Yy 


no sin 7 - — 
1 r 


2 [fin 2 ^ + (j) _ 


The induced velocity may "be expressed as 


w = — — F 
2trr 


where 


F = f(y,s,p,o) 


Tt is convenient to use the nondime nsional form 


wr 

r 


_F_ 

Ztt 


which, for a tunnel of unit radius, is the induced 
velocity per unit circulation. Values of wr/F are 
given in table I and are plotted in figure 2 for a 

reflection-plane location of — = 0.73226. Table II 

r 

and figure 3 present values for a reflection-plane 
location of ^ = O.I 4 . 97 SI. These values of d/r corre- 
spond to 83*25 inches and 5^*75 inches, respectively, 
in a tunnel 19 feet in diameter. 
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Illustrative Example 

An example of the procedure involved in the deter- 
mination of the corrections is worked out herein for a 
reflection-plane location of bj.25 inches from the center 
line of the Langley 19-foot pressure tunnel (fig. 4) 
and for the model shown in figure 5* 

Angle of attack . - The wing lift distribution is 
shown in f i gure io for both free — air and tunnel condi- 
tions. The bound ary- induced upwash angle shown in 
figure 7? from equation (1), is 



_£ wr c i° 
2r Z__ r c L c 


The jet-boundary correction to the angle of attack, 
from equation (2), is 



The integral 



— — dy’ 

C L c 


(equation (2)) is tire 


area under the curve obtained by multiplying the values 
of figure 6 by those of figure 7 snd , in this case, has 
a numerical value of O.OlyjZ, Therefore, 


* a j + * a s.c. 


57.3C L (1.153)(0- 01 542) 


L 


1 . 019 C 
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The uncorrected lift-curve slope obtained experimentally 
is 


a u = O.lOi+1 


This slooe is corrected for the jet-boundary effects by 
the relation 


1 _ aa 1 * & Vc. 


a„ a 

2 M u 


so that 


a 2M 0 • IOI 4 .I 


= 1.019 


and 


& 2.U ~~ °'°9bl 


This slope is used to obtain the two-dimensional slope 
by substitution in equation (5) as 


a 2M 


a. 


F 


2 _M 


57-31 


1 + 


' 2 M 


ttA 


r>jr 

J.v. 


O.Ooiil 


1.039 


57.3 


x + 


1.039 


TT X 10.81+ 
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from which 


a Q = 0.1162 


This two-dimensional slope is used in the same formula 
to determine the slope for the complete wing of aspect 
ratio 11.09, which is 


a^- = 0 . 09 !; 5 


The plan-form correction is then obtained from equa- 
tion (1|.) as 


Aa„ = 


f± - 

W 


a. 


l C, 


2M / 




O.O9I4.5 0.09i|l/ " L 


= -o.038c l 

The complete correction for the angle of attack, from 
equation ( 6) , is 


Aa - Aa. + Aa s>c> + Aa o 

= (1.019 - 0.03&)c l 

= o.98io t 

Ij 
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which is added to the geometric, angle of attack of the 
model in the tunnel. 


D rag coefficient .- The jet-boundary correction to 
the drag coefficient, from equation (7). is 


AC n = C T 

D j L 


2 / w C Z C 


VC T C T c 
0 L L 


3 dy ' 


= 0.015^20 


)i or 2 


The plan-form correction, from equation (9) , is 


AC, 


'P 


\^ A W U W 


rA 2M U 2llJ 


> C 2 


•tr x 11.09 x O.974 tr x 10.34 * O.976 


-0.000 62 c L 2 


The complete correction to drag coefficient, obtained 
from equation (10), is 


= (0.01542 - 0.00062) c L 2 
= o.oi48c l 2 
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which is added to the uncorrected drag coefficient. 

Pitching-moment coefficient .- The value of H 
taken from reference [j. is 0.202 for both the model and 
the complete wing. The location of the aerodynamic 
center, from equation (12), is 


T_ 

x = 2F~ tan A + Constant 

a . c • 2 


The reference point is taken as the 0.25 chord of the 
root chord, of the complete wing so that for the model 


x 


a. 



and for the 


x 


a 


(2 x 0.202 x 15 x 0.21552) + 0.186 
l.Itfl feet 


comolete wing 


„ = 2 x 0.202 x 15.862 x 0.21552 

* * W 


= I.58O feet 


The correction to the pitching-moment coefficient is 
obtained from equation I'll) as 


AC 


^a.c.^ ^ a • c • yj 


m. 


P 


_ 1 .U 91 - 1.380 


5.226 


= O.O3U1C, 
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which is added to the uncorrected pitching-moment coef- 
ficient . 

Roll i ng -mom en t co e f f i c 1 e nt . - The aileron lift 
distribution is shown in figure 3 for both free-air and 
tunnel conditions. The boundary-?.nduced upwash angle 
shown in figure 9 is obtained from equation M ) i ) : 




C 7 C 


C j c 


The jet-boundary correction to the rolling-moment coef- 
ficient, from equation ( 15 ), is 



= -0.0Gl6Cj 


The plan-form correction due to the effect of the reflec- 
tion plane on the aileron lift distribution is obtained 
from figure 10, which was taVen from reference , as 


C 7 

l& 2 M 



1 + 


2AC Xl 


1 

I.O 5 I 4 . 


0.91+9 
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From figure l6 of reference 8, values of 
found to be 



were 


and 



The corrected value of the rolling-moment coefficient 
from equation (l6) is 



Yawing -moment coefficient . - The two oarts of the 
yawing-moment-coefficient correction due to the jet 
boundary are, from equation ( 17 ), 



C L C 7 r 1 c 7 c 

^ Jg VC 1 Gj-C 


y' dy* 


O. 05 U 0 S 

k 


C L C l 


u 


= -o.oi35c T c 7 

L i u 
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and, from equation (l 8 ), 


Ct C 7 P 1 


w c l c 


= y' dy f 


'L C,c 


0.0776 
• — r 1 - 1- * Or c 7 

k Ij l u 


-0.01QL.ClCj 


u 


The plan-form correction due to the reflection plane is 
obtained from figure 11, which was also taVen from 
reference 3 




1 


n 


l 


c 

c 


L 


= -0.0070 


Tn order to determine the plan-form correction due to 
asoect ratio and taper ratio, values of K were found 
from figure 13 of reference 5 to be 


and 



O.O75 


k 2m - 0.077 
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so that this elan-form correction (equation (22)) is 



— p 

II l 



+ 


0.077 


0 . 395 / 


= 0.007C L C l 


The complete correction to yawing -moment coefficient, 
from equation (23), is 


40 n = 


( 4 %Ve%V( ao »i ) 2 + C%) 


-0.00700 l Cj 2 +0.007C l Cj -0.01J5C l Cj - 0.019i).C L Oj 


u 


u 


It is usually most convenient to express the correc- 
tion to the yawing-moment coefficient in terms of the 
final corrected value of the rolling-moment coefficient; 
therefore , 
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AC 


n 


L 


0.0070 



+ 0.007 - O.OI35 

■ u 



l 



- -0.0[i.l0C L Cj 

which is added to the uncorrected yawing-moment coefficient. 


The lift distributions are consi4erably more diffi- 
cult to obtain for a model with an end plate than for a 
model with a reflection plane. The method used herein 
is described in reference 9. In this method, the wing 
is represented by a lifting line that is perpendicular 
to another lifting line reoresenting the end plate. 

In addition to the vortices trailing from these lifting 
lines, image vortices outside the tunnel are introduced 
to satisfy the condition of constant stream function at 
the jet boundary. The complete trailing- vortex system 
is shown in figure 12. According to the Biot-Savart law, 
the induced velocities are related, to the strength of 
the vortices by the following equations, which are 
given in the symbols of this report as 


CORRECTIONS FOR MODEL WITH END PLATE 


Determination of Lift Distribution 


<|S> 
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(due to wing) 



(due to wing images) 



yi + d 

i dz 

(y 2 + d) 2 + z 2 


(due to end plate) 


c 

„ h 4°i°) 

f \ c / z ** 2 d + 7i 1 

fz 2 4 . a 2 ) 

1 

8" J 

-h r^- + 2y x r 2 d + y^ 2 (z 2 

+ d 2 ) 


(2k) 


(due to end-plate images) 


and 



(25) 
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Also 




(due to end plate) 


i 



r 2 z 


Z^ + d 


2 - *1 


- 2r^(a + zzi) p p 

i LL + z * + 


dz 


z^ + d^ 


(due to end-plate images) 




Z 1 

zi 2 + (y + d ) 2 


d.y 


(due to wing) 



(26) 


(due to wing images) 


and 



z 


1 


2ttc 

c 



Z 1 


(27) 
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In the last equation, 2tt is used as the lift -curve slope 
of the end plate for want of a more exact value. 

If the free-air lift distribution is desired, the 
terms due to the image vortices are omitted. The only 
oracticable method of solution of these equations is 
graphical by means of successive approximations. The 
evaluation of the integral over the region near y = y^ 
may be approximated by means of the expression 


c z c 


.y-L+Ay d(-^ 


'y^Ay 


dy 


y - Ji 


dy = 


(¥■) 


yq+Ay 


ay 



where Ay is a small spanwise increment. After the 
lift distribution is obtained for some value of the 
angle of attack, the distribution may easily be con- 
verted for a lift coefficient of unity. 


Illustrative Example 

An example of the method used in determining the 
corrections is given herein for the model shown in 
figure 5 to which an end plate is attached (fig. 13 )* 

The lift distribution for this model arrangement for both 
tunnel and free-air conditions is shown in figure llq. 

Angle of attack . - It should be theoretically 
possible to obtain the correction to the angle of attack 
by taking the difference between the angles of attack at 
unit lift coefficient for the tunnel and free-air con- 
ditions. The accuracy involved, however, in obtaining 
the lift distributions for this end condition generally 
is insufficient for the purpose of this report and, in 
addition, such a correction would not include the 
streamline-curvature correction. The jet-boundary cor- 
rection to the angle of attack from equation (2) 


1+0 
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1 + 1 . 0 C , 



is used; in this case, w is the upwash angle 


along the model so an due to the images of the wing and 
the end plate. This upwash-angle distribution is shown 
in figure 15 . For the end-plate condition. 


Applying this correction to the experimental value of 
lift-curve slope of O.OQ 35 results in a lift-curve 
slope of O.OC39 oer degree or ij.809 per radian. 

The plan-form correction is obtained from equa- 
tion (!+) 


although in this case a, v and a,, are obtained in a 

different manner from that for the reflection-plane 
condition. The edge-velocity correction factor E 
cannot be determined for the model with an end plate; 
therefore, lifting-line theory without the aid of this 
factor is employed to obtain a.„ and a^ r . The section- 

lift-curve slope of 0.122, obtained from tests in two- 
dimensional flow, is used. In the solution of equa- 
tions (2i|.) through ( 27 ) an angle of attack of 0.2 radian 
gave a lift coefficient cf 1.01+2 for the model in free 
air; therefore. 



A a. + A a 


s . c . 


= 57.3C L (i.i53)(0*oi8k5) 


= 1.219C r 

Li 




= 0.0909 
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The correction factor E is not employed in the results 
of reference k; these results can therefore be used to 
determine a^ for the complete wing. The equation 


a 


W 


fa 


o 


1 + 


37-5a n 

ttA 


accordingly is used for the complete wing, where f is 
the factor obtained, from reference k* Then, 


0.997 * 0.122 

1 + Yhl x 0>122 

■rr x 11.09 


= 0.1015 


Therefore , 




1013 




.0909/ 


'L 


= -1.127C L 

The coirnlete correction to the angle of attack is 


Act = (1.219 - 1.127)C l 


= 0.092 C t 
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Drag coefficient. .- Tbs jet-boundary correction to the 
drag coefficient, obtained as for the reflection-plane 
condition from equation ( 7 ), is 







= 0.0185c 2 

.L 


For the plan-form correction, the induced drag of the 
model is obtained by the relation 





a i c l c 

“ -$= dy 
C L °l c 


where is the self-induced angle of the model 

and the end elate in free air. Then 


C D . = o.o)4.66c t 2 

The plan-form corrections the drag coefficient is 
obtained from equation (0) as 


AC 


D 


P 




M 


= ( 0.0295 - 0.0^66) c L 2 


= -o.oi7ic L 2 
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where the value Ct,. = 0.0295 is the same as previously 

Ul W 

used in the case of the reflection plane. In addition 
to these corrections, there is in this case the induced 
drag due to both the jet-boundary-induced angle and the 
self-induced angle over the span of the end plate. This 
correction is a combination jet-boundary and plan-form 
correction and may be determined as a single value by 
use of 


AC 


D e 




dz 


where v/vC L is the total induced angle over the span 
of the end plate due to the model, the end plate itself, 

and all images; is the tunnel lift distribution 

\ C L% 

over the end plate; ana all values are based upon the 
model dimensions so that AC n is based upon the model 

u e 

area. For the example 


AC 


^e 


0.0030C 


2 

L 


The complete correction to the drag coefficient is 


ac d = (0.0185 - 0.0171 + 0.0030) c L c 


= 0 . OOklj.Ci 


Pi tchlng -moment coefficient .- The location of the 
aerodynamic center is obtained from equation ( 13 ) 


x a c = g tan A 

a. c . m ^ 


o z o 


y ' dy' + Constant 


0 


C L c 
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which gives x a<c = 1 » 5&9 feet from the quarter-chord 

ooint of the complete-wing root chord. The value 
x = I .380 feet is the same as previously used in 

a,c, W 

the determination of the correction for the reflection- 
plane condition. From equation (11), 


A 



y a . c. x a » c . ^ 


c 1 


C 


L 


_ 1.569 - 1.360 

5.226 “ L 


= 0.0586c 


L 


Rolling-moment coefficient .- The aileron lift 
distribution is obtained by the same general formulas 
as the wing lift distribution for the model with the 
end plate and is shown in figure l 6 . The upwash angle 
due to the jet boundary is shown in figure 17 • The jet- 
boundary correction, from equation ( 15 ), is 


AC 




1 . 

T 00 1 


u 



1 + 1.05: 


2 r, 


c 7 c 

— - yt dy 1 

C T c 



.809) (c^ (0.0681) 


= -O.O 819 C, 

‘’u 

The plan-form correction due to the effect of the end- 
plate on the aileron lift distribution was found from 
equations (24) through ( 27 ) for the model and from 
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conventional lifting-line theory for the wing of twice 
model span. The resulting ratio is 



= 0.956 


The plan-form corrections due to aspect ratio and taper 
ratio are independent of the end condition so that the 
corrected value of rolling-moment coefficient from equa- 
tion (16) is 


= C- 


1 + 


a0 , X C l6 (f£«) 
z i\ °2M \ k / y; 


u 


u 


' 6 m 


y) 

' ' 2M 


= C 7 (1 - 0.0819)0.956 nnllz 

' 0.1+23 


= 0.820C. 

L u 


Yawing-moment coe f fi ci ent . - The corrections to the 
yawing-moment coefficient due to the jet boundary are, 
from equation ( 17 ) , 



c L°Iu 

k 



dy' 


-O.0606I1 n n 

= II h c i u 

= -0.01 5 20 l Cj 
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and, from equation (l8). 


( 4 s) , = 

3 


L l„ I »_ d , 

V0 L V 


-0.07188 „ „ 

t C L u ln 


= -o.oi8oc r c, 

L l a 


The plan-form, correction due to the end plate is found 
from equation ( 19 ) through (21). from equation (20) 


K 2 M = °‘°^ 1 


and from equation (21) 


= O.065O 


The plan-form correction from equation ( 19 ) is 



~ °L C l 


2M 


-O.O7I1I 


+ O.O65O 



= -0.0061c C 

L l 2 M 
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The plan-form correction due to aspect ratio and taper 
ratio is the same as for the model and reflection 
plane . 

The complete correction to the yawing -moment coef 
ficient, from equation ( 23 ), is 


AC. 


n 




C l 

+ 0.007 - 0.0152 — ^ 

G l 



- 0.0061 



L 


W 


f 0.U23 1 

- 0 . 006 l - + 0.007 - 0.0152 0.0180 

V 0.395 0.820 



-0.0U00C L C l 
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CORRECTIONS FOR MODEL WITH NO END PLATE 


Determination of Induced Upwash Angle 


For a model with no end plate, the determination of 
the jet-boundary-induced velocity is easier than for the 
other end conditions. In a closed circular tunnel, if 
there is a trailing vortex of strength P at a distance 
y = s, there is an image vortex of strength -P at a 

distance y = — . The stream function due to the image 
s 

vortex is 


Values of the boundary-induced vertical velocity per 
unit circulation for a tunnel of unit radius 


are given in table III and plotted in figure l8. These 
values are for a counterclockwise vortex in the right- 
hand side of the tunnel and may be used for a clockwise 
vortex in the left-hand side of the tunnel by changing 
the signs of y and s. For vortices of signs opposite 
to these , the sign of the induced velocity must be 
changed: that is, the induced velocity is negative. 

These values may be used for any wing in a closed 



and the induced vertical velocity is 


l_ 

y ._ £ 


S 


1 


r 
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circular wind tunnel. For a loading symmetrical about 
the vertical center line of the tunnel, a further 
simolif icati on may be made by adding the induced veloci- 
ties for negative values of y to the induced velocities 
for positive values of y and by using only the semispan 
loading. 


An example of the procedure involved in the determi- 
nation of the corrections is worked out for the model 
shown in figure 5 with no end plate. The lift distribu- 
tion, obtained from lifting-line theory for this model 
configuration, is shown in figure 19 for both free-air 
and tunnel conditions. The spanwise distribution of the 
boundary-induced upwash angle, which is obtained for 
this model arrangement from equation (1) 


is shown in figure 20. 

Angle of attack .- The jet-boundary correction, from 
equation ( 2) , is 


Illustrative Example 




1 


57. 3C T (1.153)(0. 01979) 



The xincorrected lift-curve slope obtained experimentally 
is 
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This slops is corrected for the jet-boundary effects by 
the relation 


J_ _ 1_ _ Ag j + aa s.e. 
a M a u C L 


so that 


and 


jL_ 

a M 


1 

0 . 0800 


1.505 


a M ~ O.72I+ 


This value of a is used to obtain the two-dimensional 
slope from equation ( 5 ) as 



trA M 


a. 


O.O72U = 


1.186 


57.3 


1 + 


1.186 


TT X 5 . [|.23 


from which 


a 


o 


= O.H36 


NIC A TN No. 1077 


51 


This value of a o agrees fairly well with the value of 
0.1l62 obtained for the reflection-plane condition. It 
should be noted that the aspect ratio of the model with 
no end plate is one-half that of the model with the 
reflection plane and the edge-velocity correction factor 
is increased since the root chord of the model is part 
of the perimeter when no end plate is used. The two- 
dimensional slope is used to determine the slope for the 
complete wing of aspect ratio equal to 11. 09 as 


a. 


0.1136 


1 + 



rr x H.09 


= 0.0927 


The plan-form correction is then obtained from equation (L.) 
as 




-3 .Oll).C L 
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The complete correction for the angle of attack, from 
equation (6), is 


Aa = AOj + Aa StC> + Aa p 

= (1.305 - 3. oi 4) c l 

= -1. 7°9C l 

Drag coefficient .- The jet-boundary correction to 
the drag coefficient is obtained from equation (7) as 


AC 


D ■ 




c 

C 


^ dy’ 
L c 


= o.oi979c L 2 


The induced-drag coefficient of the model, obtained from 
the coefficients of the Fourier series determined in the 
solution of the lift distribution (reference k) , is 



C 


2 

L 


tt x 5.I+23 


.1.091+6 


0 . 



2 

L 
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where A-^ is the first coefficient and A n the n^ 

coefficient of the Fourier series. The induced-drag 
coefficient of the complete wing has been previously 
determined herein to be 


C D> = 0.0295C l 2 
i W 


The plan-form correction, obtained from equation (8), 
is 





= (0.0295 - o.o6J4.3)c l 2 
= -0.03l+8c L 2 


The complete correction to the drag coefficient, from 
equation (10), is 


AC d AC d . + A0 d ^ 


= (0.0198 - 0.03^8) C l £ 


-0.01500^ 


Pitching-moment coefficient .- The location of the 
aerodynamic center is obtained from equation ( 13 ) 


x 


a. c 


* M 


b 

2 


tan A 



1 

c l c 


Cr.c 


y’ 


dy' 


+ Constant 


5k 
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which gives x a .c. ~ 1*^62 feet from the quarter-chord 

* M 

poinb of the complete-wing root chord. The value 
x a .c. w = l«36o feet was previously used in the determi- 
nation of the correction for the reflection-plane condi- 
tion. The plan-form correction to the pitching-moment 
coefficient is obtained from equation (11) as 



' a. c . m 


X a • 0 • 7/ 


c ' 


C L 


1.682 - l.^SO 
3.226 

= o.0936c l 


Rolling-moment coefficient . - The aileron lift dis- 
tribution for the model with no end plate is shown in 
figure 21 for both free-air and tunnel conditions. The 
bound ary- induced upwash angle shown in figure 22 is 
obtained from equation ( liq. ) 


w _ c Y wr c l c 
VC ; 2r Z A C^c 


The jet-boundary correction, from equation (15), is 


AG l* = ~ r mC 1 I ~~ fl + 1- G 5^| r dy» 


j 4 L n .1 vc 7 

u 0 


C L c 


= -r(b- 1^9) ( c z u )( °-°79k) 


-o . 082I1G 1 
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The plan-form correction due to the effect of no end 
plate on the aileron lift distribution was found from 
lifting-line theory to be 



0.97k 


The plan-form correction due to aspect ratio and taper 
ratio is the same as for the other end conditions; 
hence, the rolling-moment coefficient for the complete 
wing, from equation (l6), is 



- C -, (1 - 0.032k) 0.974 

' 0.k23 


= 0 . 8350 , 

u 


Yawing -moment coefficient .- The jet-boundary cor- 
rections to the yawing -moment coefficient are obtained 
from equation (17) as 
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C ^ u 

k 


w 


c z c 


VCj c L o 


= V» 


y’ dy’ 


0 . 066 U 

if- 


C L C 1 


u 


= -o.oi 66 c l Cj 


and, from equation ( 18 ), 



C L °l 

k 


u 


w 


c l c 


iq VC L C z c 


= y' 


dy' 


0.090U 

if- 


C T C 




u 


= -0.0226C T C 7 

L. i u 


The plan-form correction due to no end plate is found 
from equations (19) through (21). From equation (20) 

k 2m = 0.07k! 


From equation (21) 


% = 0.0711 
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From equation ( 19 ) 



= -O.OOIICtC, 

L l 2u 


The plan-form correction due to aspect ratio and taper 
ratio is the same as for the other end conditions so 
that the complete correction to the yawing-moment coef- 
ficient, from equation (23), is 


ac n = (*%), + ( aC >0 + ( 4Cn 0 2 + C° n 0: 


- 0.0011 


2 V 


° l u ° l u 

+ 0.007 - 0.0166 — -- 0.0226 — - 

C * C l 


w 


Cl Pi 


= - 0.0011 


0, ^ 2 2 + 0.007 - 0.0166 — r — -0.0226 — T— ^C T C, 


0.395 


O.833 ’ O.833 / L 1 


= ■’0.0kllC L C l 
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APPLICATION TO TEST DATA 
Model and Tests 


The tests were conducted in the Langley 19-foot 
pressure tunnel for the partial-span tapered wing model 
shown in figure 5 - The model represented 9 iu6 percent 
of the true semispan. The aspect ratios of the wing of 
twice model span and the complete wing were 10 . Sip and 
11.09, respectively. The taper ratios of the model and 
complete wing were 0.26 and 6.25, respectively. The 
model was equipped with a full-span duplex-flap arrange- 
ment. The inboard slotted flap, the outboard balanced 
split flap, and the aileron were of constant chord and 
approximately 2 l±, 20 , and 15 percent, respectively, of 
the average wing chord over their portions of the wing 
span. The aileron was provided with a complete^ sealed 
internal aerodynamic balance. 

The reflection-plane arrangement is shown in fig- 
ures i| and 23. The reflection plane was fastened to 
the tunnel at its top and bottom and extended beyond 
and behind the model as shown. The gap between the model 
and the reflection plane was automatically maintained 
at O.O9 ±0.03 inch, by a telescoping section in the end 
of the model. The end-plate arrangement is sho wn in 
figures 13 and 2 l|.. The end plate was elliptical in plan 
form and was rigidly fixed to the model. For the wing 
with no end plate, the model was tested as shown in 
figure 25. 

The tests were conducted at a Feynolds number of 
approximately 8.9 x 10 ^ and at a Mach number of 0 . 17 * 

The angle-o f- at tack range was from -l; 0 through maximum 
lift and the aileron deflection range was ±20°. 

The tests were made for three flap arrangements, 
flaps neutral and partial-span and full-span flaps 
deflected. The aileron tests were made at two angles 
of attack for each flap arrangement and end condition. 


Uncorrected Characteristics 

The uncorrected aerodynamic characteristics of the 
tapered-wing model for the three flap arrangements and 
the three end conditions are presented in figure 26 in 
terms of the uncorrected nondimensional coefficients. 
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Drag . - The uncorrected drag characteristics are 
presented in figure 26(a). The drag coefficient at 
zero lift coefficient is increased slightly for the 
model with no end plate and to a greater extent for the 
model with the end plate. These increases in drag coef- 
ficient are due to the abrupt tip form of the model with 
no end plate and to the drag of the end plate. The dif- 
ferences between the drag coefficients increase with 
lift coefficient because of the differences in the self- 
induced and the jet-boundary-induced drag for the three 
end conditions. 

Lift . - The uncorrected lift characteristics are 
presented in figure 26(b). The slope of the lift curve 
is decreased for the model with the end plate and with 
no end plate because of changes in the effective aspect 
ratio. The maximum-lift-coefficient values for the 
three end conditions are reduced similarly because of 
the changes in the stalling characteristics. The angle 
of' zero lift is slightly affected with the flaps neutral. 

Pitching moment .- The uncorrected pitching-moment 
characteristics are presented in figure 26(c). The slope 
of the pitching-moment curve becomes more negative for 
the model with the end plate and still more negative for 
the model with no end elate. There is no change in the 
oi tching-moment coefficient at zero lift with the flaps 
neutral. 

Aileron.- The uncorrected rolling-moment and yawing- 
moment characteristics are presented in figures 27 to 29 . 
The change in the rolling-moment and yawing-moment char- 
acteristics for the three end conditions is small. There 
is no consistent relationship between the characteristics 
for the various angles of attack and flap arrangements. 


Corrected Characteristics 

The corrected aerodynamic characteristics are pre- 
sented in figure 30. The values of the corrections 
applied to the uncorrected coefficients are given in 
table IV. The absolute values of the data for partial- 
span models have certain limitations which are inherent 
in the test conditions and procedure. The determination 
of the effects of the tare and interference of the model 
support system was impractical for the model described. 
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herein. The gap between the model and the reflection 
plane was Irept to a practical minimum but may have intro- 
duced some slight errors in the data v/hich could not be 
determined. For the end-plate and no-end-plate condi- 
tions the stalling characteristics were affected in a 
manner unsusceptible of correction. 

Drag . - Application of the drag-coefficient correc- 
tions brings the characteristics (fig. 30 (a)) into good 
agreement, with the flaps neutral. The main difference 
remaining is due to the drag of the end plate and 
to the tip drag for the model with no end plate. With 
partial-span and full-span flaps deflected, the agree- 
ment is not so good as with flaps neutral, although the 
corrected characteristics are in much better agreement 
than the uncorrected ones. The remaining discrepancies 
for these flap arrangements are due to differences in 
profile drag and induced drag not included in the cor- 
rections. The olan-form correction to the drag coeffi- 
cient is lowest for the reflection-plane condition and 
it is therefore believed that this condition is 
the most representative of the complete wing. This 
fact is a point in favor of the use of a reflection 
plane rather than the other end conditions. 

Lift .- The corrected lift characteristics are pre- 
sented in figure 30(b). With the flaps neutral, the 
agreement of the characteristics for the three end con- 
ditions is very good below maximum lift. Contributing 
to the good agreement may have been the fact that no 
extremely low aspect ratio was involved even for the 
model with no end plate. The slight change in the angle 
of zero lift displaces the curves for the model with 
the end plate and with no end plate. The differences 
at and near maximum lift are due to alterations of the 
lift distribution for which corrections cannot be applied, 
with the partial-span and full-span flaps, the agreement 
of the characteristics for the three end conditions is 
not so good because of the change in the effectiveness 
of the inboard flap. The effectiveness of the outboard 
flap is approximately the same for all three end condi- 
tions. The greater maximum lift coefficient obtained 
with the reflection plane is another point in favor of 
the use of the reflection plane since the load distribu- 
tion is most nearly that of a complete wing. 
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Pitching moment .- The corrected pitching-moment 
characteristics (fig. 50(c)) indicate only fair agree- 
ment for the three end conditions. The relative order 
of the curves for the three end conditions is reversed 
by the corrections. This reversal may be due to the 
effect of the sweepback on the lift distribution, which 
was not taken into account in the corrections. In any 
case, the differences between the characteristics are 
attributed to inaccuracies in the determination of the 
lift distributions and, since the lift distribution is 
least altered by the reflection plane, it is believed 
that the pitching-moment characteristics for the 
reflection-plane condition are the most nearly accurate. 

Aileron . - The corrected rolling -moment and yawing- 
moment characteristics are presented in figures 
to 53 . The general relationship between the character- 
istics for the three end conditions is unchanged. The 
inconsistent relationship between the uncorrected char- 
acteristics for the three end conditions precludes any 
consistent relationship of the corrected character- 
istics. At the low angles of attack and with the flaps 
neutral, the characteristics for the three end condi- 
tions agree very well whereas, at the other angles of 
attack and with the flaps deflected, the characteristics 
agree slightly better in some cases and worse in other 
cases than the corresponding uncorrected characteristics. 

The difference and inconsistent relationship 
between the characteristics are due in part to experi- 
mental inaccuracy and to the pronounced vibration of 
the model with the end plate and with no end plate. 


Comparison of Aileron Effectiveness for 
Partial- and Complete-Span Models 

The comparison of the rolling-moment character- 
istics determined for the partial-span model with a 
reflection plane and for a complete-span model is pre- 
sented in figures 3U and 35. With the flaps neutral 
(fig. 3I4.) , the general agreement of the aileron effec- 
tiveness is good, except at the high angles of attack 
at which some differences exist. with the full-span 
flaps deflected (fig. 35), the agreement is good at the 
low angle of attack and rather poor at the high angle 
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of attach. The loss in effectiveness at the high angle 
of attack for the complete-span model is due to a change 
in the flow over the aileron as evidenced by a complete 
change in the stalling characteristics of the complete- 
span model. The change in the stalling characteristics 
is due in part to the decreased Reynolds number and to 
some difference in the models. 


GO NC LUDI NG REM ARKS 


A method is presented for determining the jet- 
boundary and plan-form corrections to be applied to test 
data for a partial-span model with a reflection plane, 
an end plate, or no end plate in a closed circular wind 
tunnel. These corrections have been applied to the 
measured values of lift, drag, pitching-moment, rolling- 
moment, and yawing -moment coefficients obtained from 
tests in the Langley 19-foot pressure tunnel of a partial 
span model with each of the three end conditions. 

With the exception of the corrections to the rolling 
moment coefficient, the jet-boundary corrections were 
somewhat smaller for the reflection-plane condition than 
for either of the other end conditions because the 
induced upwash angle was smaller. For all corrections 
depending upon the wing lift distribution, the plan-form 
corrections were considerably smaller for the reflection- 
olane condition because the lift distribution was more 
nearly like that of a complete wing. Any errors in 
determining the lift distribution were therefore mini- 
mized and the corrected values of the data were the most 
representative of the complete wing. 

From all these considerations, it was found, that a 
reflection plane should be used wherever possible for 
tests of partial-span models. If it is necessary, from 
other considerations, to use an end plate or no end 
Plate, it is possible by the methods described herein to 
determine suitable corrections to be applied in order to 
obtain reasonable results, particularly with flaps 
neutral and below maximum lift. 

Langley Memorial Aeronautical Laboratory 

National Advisory Committee for aeronautics 
Langley Field, Va., February ip, I9I4.6 
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TABLE I.- BOUNDARY-INDUCED VELOCITY ALONG HORIZONTAL CENTER LINE 

DUE TO UNIT COUNTERCLOCKWISE VORTEX AT VARIOUS 
DISTANCES | FROM REFLECTION PLANE 
|j = 0.7302^ 


\/r 

y / r \ 

0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

1.0 

1.1 

1.2 

1.3 

1.4 

1.5 

1.6 

0 

0.0083 

0.0164 

0.0243 

0.0315 

0.0387 

0.0452 

0.0511 

0.0566 

0.0618 

0.0666 

0.0709 

0.0750 

0.0787 

0.0823 

0.0855 

0.0885 

.1 

.0082 

.0160 

.0238 

.0312 

.0383 

•0449 

.0508 

.0564 

.0616 

.0664 

.0708 

.0749 

.0787 

.0823 

.0856 

.0886 

.2 

.0080 

.0155 

.0231 

.0304 

.0375 

.0441 

.0500 

.0556 

.0610 

.0659 

.0705 

.0748 

.0788 

.0826 

.0860 

.0893 

.3 

.0076 

.0149 

.0224 

.0295 

.0366 

.0428 

* 

.0488 

.0545 

.0600 

.0652 

.0700 

.0746 

.0789 

.0830 

.0868 

.0905 

.4 

.0071 

.0142 

.0213 

.0282 

.0353 

.0415 

.0473 

.0532 

.0589 

.0643 

.0695 

.0744 

.0791 

.0837 

.0880 

.0922 

.5 

.0067 

.0135 

.0202 

.0267 

.0335 

• 0397 

.0458 

.0515 

.0576 

.0632 

.0688 

.0743 

.0795 

.0847 

.0896 

.0944 

.6 

.0062 

O 0125 

.0188 

.0251 

.0316 

•0378 

.0441 

.0498 

.0562 

.0621 

.0682 

.0742 

.0800 

.0861 

.0918 

.0975 

.7 

.0058 

.0117 

.0176 

.0235 

.0298 

.0360 

.0422 

.0482 

.0550 

.0613 

.0678 

.07 45 

.0811 

.0879 

.0946 

.1013 

.8 

.0053 

.0108 

.0164 

.0220 

.0280 

•0341 

.0403 

.0466 

.0536 

.0604 

.0675 

.0749 

.0824 

.0903 

.0981 

.1063 

.9 

.0049 

.0100 

.0152 

.0206 

.0263 

.0324 

.0386 

.0450 

.0522 

.0596 

.0669 

.0753 

.0840 

.0932 

.1026 

.1126 

1.0 

.0046 

.0093 

.0141 

.0192 

.0247 

.0307 

.0369 

.0434 

.0510 

.0589 

.0670 

.0763 

.0862 

.0971 

.1083 

.1208 

1.1 

.0042 

.0086 

.0131 

.0180 

.0233 

.0291 

.0353 

.0421 

.0498 

.0582 

.0672 

.0773 

.0891 

.1020 

.1157 

.1314 

1.8 

.0039 

.007% 

.0122 

.0168 

.0219 

.0276 

.0338 

.0407 

.0488 

.0577 

.0674 

.0788 

.0928 

.1085 

.1251 

.1456 

1.3 

.0036 

.0074 

.0114 

.0158 

.0207 

.0262 

.0324 

.0395 

.0478 

.0572 

.0680 

.0806 

.0976 

.1175 

.1378 

.1651 

1.4 

.0033 

' .0069 

.0105 

.0148 

.0195 

.0249 

.0311 

.0382 

.0468 

.0568 

.0686 

.0828 

.1030 

.1280 

.1544 

.1927 

1.5 

.0031 

.0064 

.0099 

.0139 

.0184 

.0237 

.0298 

.0371 

.0460 

.0567 

.0699 

.0864 

.1090 

.1401 

.1771 

.2381 

1.6 

.0029 

.0060 

.0093 

.0131 

.0174 

.0226 

.0287 

.0361 

.0453 

.0567 

.0712 

.0902 

.1161 

.1539 

.2089 

.2730 
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TABLE II.- BOUND ARY-INDUCEP VELOCITY ALONG HORIZONTAL CENTER LINE DUE TO UNIT 

COUNTERCLOCKWISE VORTEX AT VARIOUS DISTANCES £ FROM REFLECTION PLANE 


- = 0.1+9781 

r 


\s/r 

y/r\^ 

0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

r* 

1.0 

1.1 

1.2 

0 

.1 

.2 

:1 

• 9 

1.0 

1.1 

1.2 

0 . 0092 
.0091 
.0089 
.0085 
.0083 
.0080 
.0077 
.007I+ 
.0070 
.0067 
.0064 
.0061 

.0057 

0.0177 

.0175 

.0174 

.0170 

.0166 

.0159 

'.0164 

.0147 

.oi 4 i 

.0136 

.0128 

.0122 

.0116 

0.0263 

.0262 

.0261 

.0241 

.0232 

.0222 

.0214 

.0205 

.0196 

.0187 

.0179 

0.0346 

.0344 

.0340 

.0332 

.0325 

.0316 
.0308 
.0298 
.0288 
.0278 
.0267 
• 02 S 7 
.0247 

0.0427 

.042b 

.01+20 

. 01+14 

.0407 

.0397 

.0386 

MU 

.0333 

.0322 

0.0506 

.0505 

.0501 

.0495 

.0489 

.01+80 

.0470 

.0418 

.o4o8 

0.0581 

.0580 

.0577 

.0572 

.0567 

.0561 

.05S5 

.0547 

.0536 

.0528 

.0521 

.0514 

.0507 

0.0653 

.0652 

.0650 

.0647 

.0644 

.o64o 

.0636 

.0631 

.0628 

.0625 

.0623 

.0624 

.0624 

0.0720 

.0720 

.0720 

.0719 

.0719 

.0719 

.0719 

.0719 

.0719 

.0722 

.0730 

.0746 

.0763 

0.0786 

.0786 

.0787 

.0790 

.0794 

.0799 

.0807 

.0816 

.O83O 

.0850 

.0872 

.0902 

.0935 

0.0847 

.0848 

.0852 

.0857 

.0866 

.0878 

.0894 

.0915 

.0940 

.0973 

.1017 

.1072 

.1144 

0.0906 

.0907 

.0913 

.0923 

.0938 

.0958 

.0985 

.1019 

.1063 

.1119 

.1187 

.1282 

.1404 
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TABLE III.- BOUNDARY-INDUCED VELOCITY — ALONG HORIZONTAL CENTER 

r 

LINE DUE TO UNIT COUNTERCLOCKWISE VORTEX AT VARIOUS 

DISTANCES 2. FROM CENTER OF A CIRCULAR JET 
r 



NATIONAL ADVISORY 
COMMITTEE FOR AERONAUTICS 


cr> 

c* 


NACA TN No. 1077 


cn 


TABLE TV. - CORRECTIONS APPLIED TO UNCORRECTED COEFFICIENTS OF REPRESENTATIVE 

MODEL FOR THREE END CONDITIONS 


Correction 

Reflection plane 

End plate 

No end plate 

Jet boundary 

Plan form 

Total 

Jet boundary 

Plan form 

Total 

Jet boundary 

Plan form 

Tot$l 

Ad/C^ 

1.019 

-0.038 

O.98I 

1.219 

-1.127 

0.092 

1.305 

-5.01k 

-1.709 

ACd/ C L 2 

.0154 

-.0006 

.01^8 

.0185 

a -.oiia 

.ookk 

.0198 

-.031+8 

-.0150 

a<Vc l 


.03UL. 

.03^ 


.0586 

.0586 


.0936 

.0936 

b * c *A u 

-.082 

-.101* 

-.186 

C\J 

00 

0 

1 

co 

ON 

O 

1 

-.180 

-.082 

rov 

co 

0 

• 

1 

-.165 

A V C L C l 

ip» 

0 

0 

• 

1 

-.OOO5 

-.O^IO 

-.0^05 

.0005 

-.014.00 

- . 01+69 

.0058 

-.Oltll 


a Includes AC^ (see text). 


b AC7 C? j p 

For purpose of this table — - = — — - 1 = - + - • 

C 7 Ci C 7 C 7 

NATIONAL ADVISORY 
COMMITTEE FOR AERONAUTICS 


NACA TN No. 1077 



Extended y z plane. 
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Figure /. - Diagram of fhe bipolar funnel including the reflected half of the 
jet and the complete transformed jet 
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Boundary -induced ye/oaty for unit circulation , , j=r 


Fig. 2 
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Figure F, - Boundary-induced yetoc/tg along the hor/z on- 
fa I center line due to a un it counterclockwise yortex at 
var/ous distances f from the reflection plane. $ =0.73026. 
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Fig. 3 


24 

22 

20 

I- 

8- 


J2 


§ 

4 § 


JO 


.08 


§ 

$ 


I 

06 

X 

gi 04 


5> 

c§ 


02 


0 



0 2 4 .6 .8 /O /2 

Distance from reflection plane, y/r 
Figure 3 — Boundary -induced velocity along the horizon- 
tal centerline due to a unit counterclockwise cortex at 
i/o nous distances / from the reflection plane, ff =0.49731. 




F/gure 4- -General arrangement of the tape red- wing mode! and the reflection 
plane in the Langley 19 -foot pressure tunnel. {AH dimensions m inches ) 
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Figure >5. -Plan weiv and general dimensions of the tapered- wing model . 

( All dimensions m inches .) 
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Figure <5 Comp ar/son of the free-a/r and tunnel span load distribution . 

Reflect / on -plane condition . 
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Figure // Increm en t of yawm g -m om en t- coeftia en t correction 
C/ue tio the reflection plane for ailerons extending / n - 
board from the tips of the wings of reference 8. (From 
reference 3.) 
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fTgure/c?- O/ogrom of t/ie moo/e/ one/ <?nd-p/ot<? tra/Z/ng -vortex sgstesr? 

one/ i/?e corresponding ref/ec/ec/ /merges. 
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Figure / 3 General arrangement of tape red- w/ng model and Hie end pbie 
m the Langley / 9 -foot pressure tunnel. (AH dimensions m inches .) 
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Fgure J6. - Compar/son of ffe free -o/r ond tunnel span toad d/sfr/duf/on 
due fo f/?e odercn def/ecfton . Fnd-p/afe condt hon. 
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Figure / 7.- Spann /se distribution of the boundary-induced upwash angle due 
to the aileron deflection . End- plate condition . 
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Figure ?Q. -Boundary-induced velocity along ihe honzonb! 
center line due h a unit counterclockwise vortex, at various 
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Figure 24.- Partial-span tapered wing model with end plate mounted in 

Langley 19-foot pressure tunnel. 
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Figure 25.- Partial-span tapered wing model with no end plate mounted, in 

the Langley 19-foot pressure tunnel. 
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Fig. 26a 



Figured . - The uncor reefed aerodgnam/c characteristics of the 
topered-w/ng mode/ for ihree flap arrangements- and three end 
conditions. R~ 3. 9x/0 6 ■ FI^O.I 7. 
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Figured. 6 rConhnued. 


* 


NACA TN No. 107V 


Fig. 26c 



(c) Pitching- moment characteristics . 


Figure F6 Concluded. 
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(6) CC=/3J °. 

Figure £7 -The uncorrected aileron characteristics of the topered-wng mode I hr three 
end conditions. Flaps neutral , R^6. 9x /0°> AI^O./Z 
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Fig. 28a, b 
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Figure 2.Q -The uncorrected a/teron characteristics of the tapered-cmg mode/ far three 
end conditions Partial-span flaps , /?»<£?. Q x / UjAfnO./ 7. 
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Figure 49 -The uncorrecied aileron Character is f/cs of the tapered- tvmg model hr three 
end conditions . Full -span flaps j R=i<3.9 x / O 6 j M~0.l 7. 
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(p)Drag characteristics . 

Figure 30 -The corrected aerodynamic characteristics^ of the tapered- 
w mg model for three flap arrangements and three end conditions. 
e*<3.3xJ0 6 ;D)*dl7 
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(c) Pitching- moment characteristics . 
Figure 30 r Concluded. 
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Fig. 32a, b 



Ai/er on deflection , 6 a , deg 
Co) OC=fi.2°. 



(lb) OC=/t. 7° 

Figure32.rThe corrected aileron characteristics of the taper ed-wmgmode / for 
three end conditions. Partial -span flaps -,R~8.9x/0 t M-0.17. 
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Figure 33 The corrected aileron character/ sties of the tapered- wrng model for three 
end conditions . Full-span -flaps ; R—8.9 x/0 6 -, 
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Figure 35- Comparison of the aileron effectiveness of the partial-span bpered-tvmg mode! and 
the complete - span model- Full-span flaps deflected. A/tzO. / 7. 
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